Homework Assignments

Set Theory
p.125 1-11 0dd, 17-27 odd, 31, 35
p.136 3, 5-11%, 13*, 15a, 16*, 18%, 21.25% odd, 27-31* odd, 37-41 odd, 47-53 odd
odd, *(prove elementwise)
Set Theory Supplement problems
Note: solutions to even numbered problems and #39, 41 included on supplement

Relations
p. 581 1-17 odd, 27, 31, 35, 49-53 odd
(complete solutions to #7 in supplemental relations)
p. 615 1,3,11,13,15,25,29, 30,32
Relations Supplement problems (solutions p.581,7 and p.616 30, 32 included)

Functions
p.152 1,3,11-15 odd, 23,31,37,39-41
p.1671,3,9,11a, 31,43
Function Supplement problems (solutions p.147 36,37 included)

Cardinality
p.176 1,3, 15, 17,27, 29
Cardinality Supplement problems

Logic
p.12 1-13 odd, 15a,b,c 19-37 odd, 43
p.34 1-33 odd
p.53 1-19 odd, 23 (Universe = students in class), 25,33
p.66 27 a-h, 31 a-¢, 33, 37 be
Logic Supplement problems

Induction and Recursion
p.329 5-15 odd, 21-25 odd, 41-45 odd
p.357 1-13 odd, 27 ac, 33
Induction and Recursion Supplement problems

Combinatorics
p. 396 1-15 odd, 25-35 odd
p. 405 1,3,9,31-35 odd
p. 413 1-27 odd, 31,33
p.421 1-9 odd 23
Combination Supplement problems



Graph Theory
p. 649 3.9
p665 1,2,5,7.8,35a,b 43
p. 675 5-8, 13-15, 19-21, 35-37, 41, 42, 61-63
p.6891,3
p. 703 1-6, 13-15
p. 725 5-7
p. 732 3-9
p.755 1
p7837,10,13,17a,b 23, 24
Graph Supplement problems
Note: solutions to even numbered problems on supplement

Boolean Algebra
p.818 5.
p-8221,3
p 827 1.5
p.841 3, 6a,b, c*, 7, 12
*For 6¢, use f(x,y,z2)=Xyz+ (x+Z )}y +2)
Boolean algebra Supplement problems
Note: solutions to even numbered problems on supplement



Set Theory Supplement Problems

Prove for all set A, B, C

1. a) ANA=Q B AUA=U

2. aA)If ACB then BCA
b) FBCA then ACB

3. If ACB then A-e-(I_fﬁA)=A

4. If ANB= then A-(BNA)=0Q

5. (ANB)xC={AxC)N(Bx ()
6. (AUB)xC=(AxC)U(BxC)

Solutions

1. a) Assume ANA=Q Thenthereisa yEANA = ySAand y& A

Contradiction

DXEAUA « 2B , xSAorx@ A <20 xEU

2. Q) XEB > x¢EB A58 L xEA —s xEA

D) xEA ——s xg¢A B

3. A-(BNA)

AN(BNA) thm A~-B=ANE
AN (E UA ) De Morgans
AN(BUZ) thm A = A
(ANB)V(ANA)  Distributive law
(AﬂB)UQ) Lemma ANA=O
ANB Lemma AU = A
A If AC B then

ANB=A

XEB ———s xEB

4. A~(BNA)
AN(BNA)
AN(EUA)
AN(BUA)
(ANB)U(ANA)
(ANBYUD
ANB

%

thm A=B=ANE
De Morgans

thm A = A
Distributive law

Lemma ANA =@

Lemma AU D= A
Assumption



5. (£,y) E(ANB)XC «f2 s xEANBoand yEC «¥0 s xEAand xEBand yEC
ke, (x€Aand yEC)and (xEB and y €C) L2 (x,y)€ AxC and
(,9) EBxC 0 (xy)E(AxC)N(BXC)

6. (x,y)é(AUB)xC oy xE AUBand yEC « s xEAor xEBand y&EC
L, (x&Aand yEC) or (xEB and YEC) s (x,y)E AxC oy (x,y) EBxC
Y (x,y)E(AxC)U(BxC)
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6. DACAVD ¥ s xEAM XED e xEA
D) XEANU «H . yEAand xEU i . xS A
8. AIEAUA «fY 5 YEANMIEA «— xEA
b)) xEANA 2y yCEAMdXEA > xEA
10, ) xEA-O «¥u xEAand XED > xEA (all x&E D)

b) Assume - A = & Then there is a YED~A - y&EDand y&¢ A
: Contradiction

16, a)x€ANB - xS Aand xEB —» xE€A
b)xCA - xCAor xEB - xEAUB

C)XEA-B » xEAand x¥&B - xEA

dy AN(B-A) e) AU(B~ A)

AN{BNA) thm A-B=ANB AU(BNA) thm A-B=ANE
AN (K M B) Commmutative Law (AUB)N (A UA ) Distributive Law
(ANA)NB Associative Law (AUB)NU Lemma AUA =U
SNB Lemma ANA=0C AUB Lemma ANU= A

1] Lemma AN =



18.

39,

41.

D) xE(AUB) —Y . xEAr xEB = xEAor xEBor xEC Y,
x&AUBUC

D) XEANBNC —H0y yEAand xEBand xEC= xEAand xEB D,
xEANBKB

©) x€(A-B)-C —=s xEA-B and x¢£C —%= (xEA and x & BY and
XEC = xEAdand x¢C -, xS A-C

d) Assume {A-C)N(C~B)=D. Thenthereisa y & (A-C)N(C-B) —&0_,
YEA~Cand y&€C-B —4 (yEAand y&C)and (yEC and y & A) =
yEC and y & C contradiction.

&) (B-A)U(C-4)

(BnA)u(cn4) thm A-B=ANEB
(BUC)NA Distributive law
(BUC)-A thm A-B=ANBE

If A®B=A then B=O

Proof: Assume B« thenthereisa bEB
Either b€ A or bt A

If bEA—">bE AD®B=A Contradiction
If bEA——bEA®B=A Contradiction * definition of @

Proof by contradiction. Assumee A¢B
Thenthercisa yE Aand y& B,

say yEC—2>yERBC—1n YEADBC Contradiction
(y€Aand ye()

say YEC—2>yEADC—~—>yEBRDC Contradiction
(y¢B and y¢C)

*Assumption

This proves AC B
Toprove BC A, interchange A's & B's in proof



Relations supplementary problems

Let R, and R, be relations on A
Prove (RUR,)" =R UR;

If R, is transitive on A and R, is transitive on A, must R, U R, be transitive on A? must
R MR, be transitive on A?

Prove if R, is symmetric on A and R, is symmetric on A then R U R, and R,MNR, are
symmetric on A.

Prove if R is antisymmetric on A then RNRTC D where D= {(a,a) ]a € A}

Which of the following describe equivalence relations. Either specifies which properties
fail or list the cquivalence classes.

a) A= set of straight lines in the plane :
L R L,if L and L, are perpendicular

b) A= sel of Americans living in 50 states:
F R P if P and P, live in the same state (only one residency allowed)

¢) A={012,..}
R={(m,n) Im2 = n’mod 3}_



Solutions relations

(£.9) € (RUR,)" <y x) E R UR, «2%5(y,x) € R, or (y,x)ER,
«tB (X Y)ER or (6,y)E R} —os(x y)ERTUR]

R, UR, is not necessarily transitive: Counterexample:

A={1,2,3} R ={(L1),(12).(21),(2,2)} is transitive on A
R, ={(2,2).(2,3),(3,2).(3,3)} is transitive on A

but R, UR, is not transitive on A: (L2)ER UR, (2,3)ER UR,
but (1,3)& R UR,

R, N R, is transitive on A: Proof
(%y)ERNR, and (y,2)€ RNR, —H0 . (xy)E R, and (v2)ER,
and (x,y)ER, and (y,2) € R, —2(x,z) € R, and (x,2) € R,

{R1 Rayun. )
—240>(x%,2) E R NR,

(8} {and)
(xY)ERUR, = (x,y)ER or (x,y)ER,

{and) ("
Assumt® 5()’,;{) (= Rl or (y, .X) & RZ = ()’,x) = Rl U R’Z
[R:'RIS!M)

(xy)ERNR —200s(xy)E R and (x,y)ER"

——"’fﬁ:'—«vv(x,y)e R and (y,x)ER

Ass X = y defDd (x’y) e D

(Rantisyn)
a) Not reflexive, not transitive
b) Each equivalence class consist of Americans living in the same state, (50 classes)

¢) Reflexive (x,x)E R forall x € A since x2-x* =0=3x0
Symmetric If (x,y) € Rthen x* - y* =3k, k€ Z=>y* = x? = 3(-k) = (vx)ER



Transitive If (x,y) € R and (y,z) € R then
x*—y? =3k, ¥y 2t =3k,, k .k, € Z =
-3k +k)=(x)ER

Two cquivalence classes; [0]={0,3,6,9..}[1]=1{1,2,4,5,7,8,..}
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7. a) Not reflexive 1 R1 since 1=1
Irreflexive xRx since x=x Mmall xEZ
Symumetric If xRy => x =y then y = x = yRx
Not antisymmetric | R 2and2 R 1
Not transitive 1 R2and2 R1butl R 1

b) Not reflexive 0 R 0 since 0.0#1
Not irreflexive 1 R 1 since 1.1 = 1
Symmetric If xy =1 then yx =1
Not antisymmetric 1 R2 and 2 R 1
Transitive If xy =1 and yz =1 then either

- XY,z =1 or x,y,z=-1s0 xz 21 in either case.

¢) Not reflexive 1s#1+1or lwl~1s0 1R 1
Irreflexive x R x forall xs=x+1or x= x-1
Symmetric If xRy then x=y+lor x=y-Ithen y=x-lor y=x+lor yR x
Not antisymmetric 1R2and 2R ]
Not transitive IR2and 2R 1butl R 1
orlR2and 2R3butl R 3

d) Reflexive x R x forall x € z since x - x =7 x0

Not irreflexive 1 R 1

Symmetric if x R y then x —y =7z for some 2 E Z
Then y-x=7(~z) so yR x forall x, y,EZ

Not antisymmetric l R 8 SR |

TransitiveIf x R yand y R zthen x—y = 7z,, and
y -z =Tz, for some z,,z, & Z then
x-z2=7(z,+z,) or x R z forall x,y, z €2

e) Reflexive x R x forall x € Z since x = x (1)
Not irreflexive 1R 1
Not symmetric4 R2 4=2z but 2 K 4
Not antisymmetric 5 R -5 and -5 R 5 but 5= -5



Transitive If x R y and y R zthen x =y z and y=zx2z,
For some z,,z, € Z then x = (zzz)z, = z(zzz,)
or xRz forall x,y,z €Z

f) Reflexive x R x forall x € Z(x either negative or non negative)
Not irreflexive 1 R 1 '
Symmetric If x R y, x or y both negative or non negative, so y R x

Not antisymmetric 1R2and 2 R 1
Treansitive If x R y and y R z then x,y,z all negative,
or all non negativeso x R z

g) Notreflexive 2%2° =4 so0 (2,2) €R
Not irreflexive (1,1) € R since 1= 1?
Not symmetric (4,2) € R since 4 =2 but (2,4) ¢ R since 2= 4°
Antisymmetric If (x,y) ER then x=y* =y andif (y,x) ER
then y=x"=zxsoxzy A yzxthen x=y
" Not transitive 16 R4 (16 =4%), 4R 2 (4=2%) but 16R2 162

h) Not reflexive (2,2)¢ R 232
Not irreflexive (1,1) € R 1=1?
Not symmetric (4,2)ER 4222 but 2#4% so (2,4) &R
Antisymmetric If (x,y)E R then xzy’ =y
' And (y,x)€Rso yzx’zxthen x=y forall x,yEZ
Transitive If (x,y)€ R and (y,2) €R
Then x = y*andy = z° (since y*=y)
xzy'zyzz’so x=z"or (x,z)ER forall x,y,2EZ

P6ts
30. [010]={010,0101,0100,01010,01011,01001,01000,...}

[1011]={101,10111010,..}
[11111]={111,1110,1111,11100,11101,...}
[01010101] same as [010]
33 COloj’ {0‘01000» ol00,06/01, CooO) O00I, _3
B Doz Lrot niyt010 1011, (118, 18115 5

D”“j-& Seame 45 (b ).
E_olo:o(alj—" Scune. as (a/



Functions Supplement Problem

For each function below, prove whether the function is one-to-one, onto, neither or a bijection.

1, fi R-7Z, f(x)=[x] (Greater integer less than or equal to x)
2. g:N—N g(x)=2x
Pogsiti
3. hiQt—( Bx)=t g POV P={1234,.]
X Rationals
) “ N={0123,.}
4, g:PxP—=0Q 8((%5)) = lu; 7 {‘“,_3,_n2’.1 01 ’2,3”"}
- @ = Rationals
5. fixz—Z f(ab)y=a+b R reals
6.  fiN—N, Ny ={1,3,57,.} Fln)=2n+1
O ifnis prime
7 - 40,1 =4 .
PN { } p( ) {1 if n is (not)prime
8. k:R—R k(x) =|x]
Selected Answers
Page ( 153

Ho. @) yEf(SUT)wy=fx)EFSUT) e xESUT < xES or xET
= f(X)E F(8) or f(x)E F(T) e flx)E F(S) U A(T)

B YEASNT) e y=F(x)E FSNT) > xESNT ® xES and xET
= f(x)€ F(S) and f(x)€ fF(T) = f(x)& F(8) N £(T)

Arrow doesn’t
Always reverse
Sce# 4] next prge



4/ Define f:A—>B A={123}  B={ab}
f

1 - a
2 —= b
3 ~» a

Let S$={12} T={3}

SNT =@, f(SNT)=
But f(S)={ab}, £(T)={a).
So F(S)N £(T) ={a}

FSNT)=SC F(S)N £(T)={a}
So a € f(S)N F(T) buiNO x ESNT with f(x)=a



(]
.

Solutions (Functions Supplement Problems)

Not one-to-one: f2)= F(2.38)=2
Onto: Given—=2 z&€Z, zER and f(z) =7

One-To-One
Let x, = x, => 2x, = 2x, = g{x,) # g(x,)
Not Onto:  1,3,5 ,... (all odd natural numbers) have no pre-images

One-To-One BIJECTION
Let x, » x, = L.l h{x,) = h{x,)
Xt X2

Onto: Given = ¢ € Q*,—l— & Q" and h(}_) - % = g
q q; =

q
Not one-to-one g((S,Z)) = g((4, 1))

Onto: Given=2 ¢ &€ Q"¢ = 21 Where PP, &€ P (Definition of rational)
2

So (IJJ,PZ) EPxPand g((pl,pz)) = _j.})_l.

2

=q
Not one-to-one f ((2,2)) = f ((4,0)) =4
Onto: Given 2 zE€Z, (2,0)€ZxZ and f((z,())) =g

One-To-One BIJECTION
Let s, » 5, => 25, + 1= 25, +1=> f(s5) = f(s,)
Onto: Given => n, & N,, n,=2n+1 forsome n EN
. (Definition of odd integer)

o Po=le v and f(n°2_1) =n,

Not one-to-one p(2)=p(3)=0
Onto: p(2)=0, p(4)=1
Not one-to-one (~1) = k(1) =1

Not Onto  Negative Numbers have no pre-images



Cardinality Supplement Problems

Determine the cardinality of the following sets. (Use “unaccountably infinite” for sets not
having cardinality N, )

a) {w/; |nEN}

b) {z2+z |ZEZ}

c) {wfgl 1=n =100, nE N}
d) {'nz InEEN}

€) {n|n =0 mod5, nEZ}
1) {nln =0 modl0, n € N}
g){7-25=2550, z€ Z}

h)y ZxZ
i) {r| Osrsl, r€R}

Prove the interval (0,+) is unaccountably infinite by showing f:R — (0,400),
flx)=e" is bijection.

Prove the set of all sequences of 0°s and 1°g is unaccountably infinite, using Cantor’s
diagonal argument.

Prove if § and T are countable then S x T is countable.

Prove if |S] = |7] then |P(8)|= | T), for all sets §,7.
Hint: Find a bijection g: P(S) — P(T)




Solution Cardinality supplemental problems

1. a) N,, the set can be enumerated; {Owﬁ ,1/5 \/-3— }
b) No, subsets of countable sets (Z) are countable

¢) 100, set is finite {\ﬁ,ﬁ,...,'\/IOO}
d) N, the set can be enumerated {0,1,4,9,16,...}

or subsets of countable sets (N) are countable
e) N,, the set can be enumerated {0,5,~5,10,~10,...}

or subsets of countable seis (Z) are countable
1) N,, the set can be enumerated {0,10,20,30,...} or subset of countable sets (N ) are

countable

g) 76, finite set {-25,-24...,0,1,...50}

h) N, If Sand T are countable (S =] = Z) then §x T is countable.
i) Unaccountably infinite (Use Cantor’s diagonal argument)

2. fiR— (04®), flx)=¢

Function is one-to-one Function is onto

Let x, = x, given r € (o,4), Inr € R
Then " = ¢* and f(Inr)=e" =7

So f{x)= f(x,)

Since fis a bijection, cardinality of Reals equals cardinality of (0,4). Since cardmahty
of Reals is unaccountably infinite, so is (o, +00)

3. Assume the set of all sequences of 0’s and 1°s can be enumerated: AT Y
List the values of each sequence:
$=5(1%,8,{(2),.... 5,(n),...
8y = 8,{1).5,(2),....8,(n)... S,(j)= jth value of
sequence S,
S, =8,(115,(2)-..8,(n),... s(/)e{o1}



[

Define § = §(1),5(2),...,5(n),... by:

3(i) = {0 S(’)=é fori=1,2,3...

s

S is a sequence of 0’s and 1’s and should be equal to one of the sequences on the list
81,8338 ren. . However, § S, for n=12,... because S(n)w= S, (n)

nt

(they differ at the n™ value)
This contradicts the assumption that the set can be enumerated, Hence, the set of all
sequences of 0°s and 1°s is unaccountably infinite.

Since S is countable, Sx{¢} is countable for tET (f: 5 —=Sx{t} by f(s)=(s¢) isa
bijection)
Then SxT = USx{t} is a countable vnion
tET
(T is countable index) of countable sets (Sx{t} is countable). By theorem, the countable
union of countable sets is countable,

Since S and T have the same cardinality, there is a bijection f between Sand T

Define a function g: P(S) ~ P(T) by
s(4)={7(a) o& A}= f(4)

: _._;-‘:".-“' : ‘E‘L\‘

.'1.‘ o]

Prove g is a bijection:

"\"

One-fo-one Onto
Say A, = A,, A,A, € P(S) : Take X € P(T)
There isan a € A, a & A, f"(X)m{f"‘(x)lxeX} is
But f{a)€ f(4) and fla)& F(4,) an element of P(S)
(since f is 1:1) g(f"l(X))={f(f“’(x) X}mX

So g(A))=g(4,;) so X} is a preimage of X



Review Exam 1

Consider the set A = {{1,2, 3}},{4,5},{6,7,8}}

Determine whether each of the following is true or false
) 1€A b {{45)}ca  ofl23}ca HOEA
e) {678} A

Answer true or false

a)  Forany set A,AC P(A)

b) JC A, forall sets A

o 1e{{i}b2}

d) {12} € P(A) where A ={1,2,3,4,5}

&) {LuC{{1}n2}
Given A={ab.c,de} B={abd f,gt C={bce, ght D={bef.gh}

a) B-(CUD)  b) AN(BUD) ¢ Ax(B-D) d) P(A-(BNC))

Prove (ANB)U(ANC)U(ANB) = (AUEB)N(AU(CNE))
Let A,B be any sets

a)  Prove A={A-B)U(ANB)
b)  Proveif ACR then ANB =0

For each function below, decide whether it is one-to-one, onto, both or neither.
Prove your result.

a) f:N—N Fln)=2n+1
b) gZxZ-Z g(z,,z2)=zl—z2
¢y hZ-—=2Z h(z)=z*

d) k:R->R k(r)=r’



10.

11,

12,

Decide whether each of the following relations are reflexive, irreflexive,
synumetric, antisymmeiric and / or transitive. Prove or disprove result,

A=N={012.}

b) R= {(x,y)lx > y}

Given a set A, define a relation on P(A):
R= {(X Y )|X_ =Y } Answer as in (7)

Define arelationRon Z, R = {(x, y)lx = ymOdS}

Prove this is an equivalence relation and determine the equivalence classes.

For R arelation on A, prove

a) If R is reflexive, then so is R
)] If R is symmetric, then so is R
c) If R is transitive, then so is R

Use Cantor’s diagonal argument to show that the set of sequences of 1°s, 2°s and
3’s is unaccountably infinite.

Determine the cardinality of the following sets (use “unaccountably infinite” for
infinite sets not of cardinality N,)

a) {w/r;lnEN} e){r]l)srsl, r &R}
b){zz-i-zlz@Z} fygx=Q

c) {n] 50=sn, ne N} £) {set of sequences of 1's and 2'5}
d) {z] 22 ~22=0, z€ 7} h) NxR

State Theorems
iy R-P



Solution Review Exam I (problems)

a) F b)T c)F d)yT e)T
aH F B) T ¢)F HT e)F
a) {a,d} b){ab,d,e}

o) {(@a)(ad)(b.a)(bd)(e.a)(c.d)(d.a)(dd)(ea)(ed)
d) {@{a}{c}{dh et {act{adhiaelfe.db{c.e}{de}{ac.dl ac.el,

{adel{c.de}{ac.del}

= — Distributive
(ANB)U(ANC)U(ANB) = (ARBU[AN(CUB)
DeMorgan DeMorgan

(ANB)N(AN(CUB)) ™ (AVE)N(ZU(CUB))

DoubleComp,DeMorgan
(AUB)N(aL(CNE))

Thin A-B=ADNE Distributive Lewima

) (A-B) U (ANB)=(ANB) U (ANB)= AN(BUB)= ANU= A

b) Assume yEANB = ySAand yE B = yE Aand y¢ B
this contradicts the assumption AC B

a) fis 11 If x, s x, = 2x, 412 2%, +1 = fx)= f(x,)
fis not onto: 0,2,... have no preimage

bygisnot 1:1  g(2,1)=g(3,2)
g is onto, Given z € Z, (2,0) € Zx Z and g(z,0)= z

¢) hisnot 1:1, A(2)= h(-2) =4
h 1s not onto, Negative integers, 2,3,5,6,7,... have no preimages.

dykis 1:1 122, =1’ wr = k() = k(r,)

1 1n3
k is onto, given r € R, r* € R and f(r3) =



) R={(L1)(14)(19),..{2.21(2.8),...(3, 3),(4.1),(4,4),(4,9),..}
Reflexive: (x,x) ER forall x € N since x x x = x*
Not Irreflexive: (1,1) € R
Symmetric If (x,y} € R then xy =n® or yx=n® or (y,x) &R
forall x,y EN, nEN
Not Antisymmetric (1L4)E R (4,1)E R
Transitive If (x,y) € R and (y,z) € R then xx y=n?, yxz=n,’

2
. nn
Then xxz=(-—'——2—)

¥y
Note. Mhey (Proof by contradiction) a + b = a does not divide b
Y

2
Say y I mn, then y* | [n,nz)2 which contradicts xz = [f—'fi) EN
B R={2D.(31,(32)...(4.1).(42)..}
Not reflexive (L1) ¢ R
Irreflexive (x,x) ¢ R forall x € N since x # x
Not Symmetric (2,]) ER, 2>1but (1,2) &R 142
Antisymmetric Impossible to have (x,y) € R and (y,x) € R since x > y
and y > x impossible for x,y € N
Transitive If x,y € R and (y,x) € R then x>y and y > z implies x >z
or (x,2)ER '

Not reflexive X = X for any set X € P(A)
for example A ={a,b} P(A) ={@{a}.{v}{ab}}
[ ={e} s0 {a} & {a)
Irreflexive X = X forall X € P(A),s0 X R X
Symmetric If X =Y then X =7 or ¥ = X
Not Antisymmetric {a} R {b} and {b} R {a} but {a} = {b}
Not iransitive {a} R{b}, {b} R{a} but {a} & {a}

xRxsince x—x=0=5x%0

IfxRy, x~y=5k, y-x=5(-k) or yR x (kez)

IfxRy, yRz, x=y =5k, y-z=5k, then x=z=5(k +k,)
k.k, € Z. |

[0]={..-50,510,.}  [1]={..~41611.}  [2]={.,-327.]
[3]={-.-23813.}  [4]={..-14,914,.]}



10.

11.

12.

a) Forall x € A, (x,x) ER=(x,x) ER" (Def of R™')

b) (x,y) € R —E"(y x} € R—E2s(x,y) & R —LE"5(y x} & R

o) (xy)ER" and (y,z) ER —&E- 5 (y,x)ER and (z,y) E R
—Rirans_, (z,x) ER R, (x,z) eRr’

Assume the set of all sequences of 1°s, 2°s and 3’8 can be enumerated
SppSasennS, . where

n

S, =8, (1,5,(2),...5, (n),...
S, = 8,(1),5,(2),....8, (n),... S{J)= j"element of S,
. S{j)e {1,2, 3}

S, =8, (1,5,(2),....5,(#)...

m

for i=12,..

This is a sequence of 1’s,2’s and 3’s and should be on the list of sequences
S8 g0eees Sy

however, § # §, for n=12,... because S(n)=S,(n) (the n™ value of S,

there fore the set of all sequences of 1°s,2’s and 3°s cannot be enumerated and is

‘uncountably infinite,

a) No {xﬁ nf?:,...} set can be enumerated

b) No {0,2,6,..} set can be enumerated

c) No {50,51,52,...} set can be enumerated

d2

¢) Uncountably infinite (Cantor’s diagonal argument)

f) NoIf S and T are countable then § x T is countable

g) Uncountably infinite ( Cantor’s diagonal argument)

h) Uncountably infinite IR ={0} x IRC N x IR
If A is uncountably infinite and A € B then B is
uncountably infinite

i) Uncountably infinite If A is uncountably infinite and B is countable then A - B

is uncoutably infinite



1.

Logic Supplementary Problems

Determine whether the following arguments are valid or invalid. Give
counterexample or prove validity with a truth table.

a) r=>s b) p={r—s) ¢) Tr
p—>g Tr—Tp p-rq
Jve b 4r
LSV Y8 sp

d) Tp
P=q
q>r
ST

If Tallahassee is not in Florida, then golf balls are not sold in Chicago. Golf balls
are not sold in Chicago. Hence Tallahassee is in Florida.

If the cup is Styrofoam, then it is lighter than water. If the cup is lighter than
water, then Joe can camry it. Therefore if the cup is Styrofoam then Joe can carry
it.

If wagers are raised, buying increases. If there is a depression, wages cannot be
raised. Thus if there is a depression, buying cannot increase.

The given triangles are similar, If the given triangles are mutually equiangular,
then they are similar. Therefore, the triangles are mutually equiangular.



2]

Solution

a) Valid show trufh table [(r = s)a(p = q)a{rvp)l—=(svq)
is a tautology
b) Valid show truth table of [( p—>{r=>s))a(Tr—>Tp)a p] -5
- is a tautology.
¢) Valid show truth table of [(—11‘) Ap->g)n{g— r)] > T
is a tautology. :
D Invalid p<=F g=TorF  r=T

—p =g Invalid p=F g=F ~ p=Tallahassce..FL
g g= golfballs sold in
T Chicago
P
P9 Valid show [(p—»q)z\(q—a r)]—a-(pw*r)
. is a tautology p= cup Styrofoam
P g= lighter water
r= Joe carries if
P4 hvalid p=F, g=T, r=T p=wages raised
JZoP g=buying increased
SF g 1= depression
4 Invalid p=T g=F p=triangles similar
a>p g=triangles mutvally
oog equiangular



5-

Induction and Recursion
Supplementary Problems

Define the Fibonacci sequence: f, = f, =1, f, = Joat f,forn=2

prove f < (Z:) for n=12,..

Recursively define a, =1, ¢, =2, and @, =24, ,-a,_, for n=2
a) Calculate a,,a,,a,,a,
b) Guess a formula for @, (explicitly)

¢) Prove your guess

Recursively define ¢, =1, ¢,=2,and a, =a,_, +2a

A

. for =2
a} Calculate a,,a,,a,,a,
b) Guess a formula for g, (explicitly)
¢) Prove your guess

Recursively define g, = ¢, =a, =1, a,=a, ,+a,_,+a, forn=3
a) Caleulate a,,a,,a.4,
b) Prove that a, < 2 for n=12,..

Recursively define by =b =b,=1; b, =b, | +b _, for n=3

=1 *

a) Calculate by,b,,b,,b,
b) Prove that b, = (W/E)u_z for nz22

Prove n° - n is divisible by 10 for nE N

Prove 5"*' +2x 3" +1 is divisible by 8 for n & N



Solutions

. AN 7\?
Basis cases f, =1<(Z) Sy =2<(Z)

Assume f, <(%) fori=12,..,k

Then fm.; = Je+ fia “(2) +(2) ) =(%) ) (%-}'1)&:(

a) a,=3,a,=4, a,=5, a. =6
b)Guess g, =n+1, n=012,...
¢) Basis cases gy, =1 G4, =0+1=1
a’lmc =2 a‘lexp =]+1=2
Assume a,,, = a,,. =i+1for i=012. .k

T.hen At sirec = 2akrec = dree = 2alkexp = pexp
= Z(k'l-l)"(k-‘}."l‘ 1)=k+2= ak+]exp

1rec

a) a, =4,a, = 8,0, =16,a, = 32
b) Guess @, =2" n=0,1,2;..
¢} Basis cases d,,, =1=2" =a,,,
a]rec = 2 = 21 = a'l exp
Assume a,,, = a,,, =2 for i=0,1,2,.. k
Then ay,y,,, = ., + 20, = By + 2010

S A 3% L) L, LI, BV A, L Oy rtexp

a) a, =3,a, =5,a,=9,a, =17
b) Basis cases q,=152° @, =322=4
a,=1=2'
Assume a, =2 for i=12,.k
Then a,,, = a, + a,_, +a,_, < 2% + 242 4 243
=227 +2+1]527(2%) = 2¥



Solutions continned

8) by =2,b, = 3,b5 = dyb; =6

b) b, a(\/i)o or 1=z1
bgz(wff)l or 2=z+2 1
b,z (*\E)2 or 3z2 J

Basis cases

Assume b, = ('\5);“2 for i=23,.k
Then b,,,=b,+b,_, a(\ff)k - +(1/5) -
-(2) (V2 1) () (3) = (2) (42
[sinceta{v2)')

-(v2)"

Basiscase n=0 .0°-0=0=10.0

Assume n=k, k°-~k is divisible by 10

Then (k+1)" —{k+1)=k>+5k* +10k* + 10k + 5k + 1~ k=1
= k* — e+ 10(k° + k%) + 5k(k* +1)

k® -k is divisible by 10 by assumption
10 (k3 + kz) has a factor of 10

5k(k® +1) is divisible by 5

If k is even then 5k(k3 + 1) is divisible by 10 (Since k divisible by 2)

If k is odd, &’ is odd and %% +1 is even,
So 5k(k* +1) is divisible by 10 (Since &* +1 divisible by 2)

There fore {k + 1)5 ~ (% +1) is divisible by 10

Basis case n=0 5'+2(3)" +1=8 is divisible by 8
Assume n=k: 5" +2x3% 41 is divisible by §
Then 5*%+2x3"'+1=5(5"""+2x3" +1)+3*(-10+6)~4
=5(5" +2x3" +1) -4 (3*+1)

v Smey——
divisible..by divisible..by..8
B.by. .qssumption




Combinatorics Supplementary Problems

. How many eight-bit strings begin 11007

How many eight-bit strings begin and end with 17

How manﬁ eight-bit strings have either the second or the fourth bit 1 (or both)?
How many eight-bit strings have exactly one 1?7

How many eight-bit strings have exactly two 1°s?

How many eight-bit strings have at least one 17

How many eight-bit strings read the same from either end ? (An example of such an eight-bit -
string is 01111110) '

For & 11 Consider 5 Computer science books, 3 English books, 2 Arts books.

8.

9,

10.

11.

In how many ways can these books be arranged on a shelf?

In how many ways can these books be arranged on a shelf if all five computer science books
are on the left and both art books are on the right?

In how many ways can these books be arranged on a shelf if all five computer science books
are on the left?

In how many ways can these books be arranged on a shelf if all books of the same discipline
are grouped together?

For 12 — 14 refer to a club consisting of six men and seven women.

12,

14.

18.

In how many ways can we select a committee of three men and four women?

In how many ways can we select a committee of four persons which has at least one
woman?

In how many ways can we select a committee of four persons that has at most one man?

Give factorial arguments for the 4 combinatorial identities.
a) C(n, 1) = C(n, n-r) b) P(n, 1} = nP(n-1, r-1)
¢) C{n, 1) = C(n-1, r)+C(n-1, r-1)
d) C{n,r} x C(r,k) = C(n,k) x C(n-k,1-k)



16.

17.

18.

19.

20.

21.
22
23.

24,

Find the coefficient of

- * 5
a) w°2z° in the expansion of (2w3 - 3z2)

b) s* in the expansion of (2s+5)’

Show that 0= Y (~1)'c(n,k)
kO

Show that 3" = 22"0(:@:,1«:)

k=90

Use the result from #17 to prove that the number of odd subsets equals the number of even
subsets.

Find the number of (unordered) 13 — cards bridge hands selected from an ordinary 52 —
cards deck.

How many bridge hands are all of the same suit?
How many bridge hands contain exactly two suits?
How many bridge hands contain all four aces?

How many bridge hands contain five spades, four hearts, three clubs, and one diamond?

For 25 — 28 Determine how many strings can be formed by ordering the letters ABCDE subject
to the condition given.

25,

26.

27‘

28.

29.

30‘

31.

32,

A appears before D. (Examples: BCAED, BCADE)

A and D are side by side. (Example, ADBCE, BCDAE)

The patterns AE and CD do not appear.

The patterns AB and BE do not appear.

In how many ways can six persons be seated around a circular table?

Tn how many ways can six keys be put on a ring? (Turning the ring over does not count as a
different arrangement)

In how many ways can five Martians and five Jovians wait in line?

In how many ways can five Martians and five Jovians wait in line if no two Martians stand
together?



33.

34.

35,

36.

In how many ways can five Martians and five Jovians be seated at a circular table?

In how many ways can five Martians and five Jovians be seated at a circular table if no two
Martians sit together?

In how many ways can five Martians and eight Jovians wait in line if no two Martians stand
together?

In how many ways can five Martians and eight Jovians be seated at a circular table so that
no two Martians sit together?

Solutions - Combinatorics

1) 2* 2)2°  3) 328 48 5) C(8,2)=28 6) 2° -1

7) 2° 8) 10!  9) 513121 10) 5151 11) 51312131 12) C(6,3)C(7,4)

13) C(13,4)~C(6,4) - 14 C(7,4)+C(7,3)C(6,1)

15)

a) C(r'z, r)= Clm,n - J")r b) P(n,r) =nP(n —-(l,r_—ll))
H(n-r) - (n- r‘)![n ~(n- r)]! (n _. r) " [(n'— )~ (r~ l)]!

i

(n-r)

¢) C'(n,r)=C(n-1,r) +C(n=1,r~1)
o (=) N (n-1) (p=ln=r)+(n=r (a=D(n-r+r)

=

Ala=r)l Aln-1-r) (r- O -rp - H(n-r) (n—-r)
a{n -1} n!

rlr=r) H{n-r)




d)y Cn,r)C(r,k) = C(n, k)C(n —k,r=k)

16)  a) C(5,312%(-3)

nl 7! nt (n—k)

Aln=r) K(r—k) K(n-k) " (r=EW(n-r)

3

by C(7,3)2¢5°

17y put x=1and y=-1 into the binomial theorem

18)  Put x=1and y =2 into the binomial theorem

19) 0= ﬁ:(—l)kC(n,k) — 0= C(n,0)~ C(m1)+ C(n,2) ~....2 C(n,n)

Note: last term is positive if even, negative if odd.

20. C(52,13)
23) €(48,9)
25) 5172

29) 5!

33)9!

Cln)+.... + Clm,n-1) =C(n,0) +C(n2)..... +C(n,n)
- assuming n even.

21) 4C(13,13) =4 22) C(4,2)(C(26,13)-2)

24) C(13,5)x C(13,4) x C(13,3) x C(13,1)

26) 2x 4! 27) 51-3! 28) 51-3!
30) 5!/2 31) 10! 32) P(6,5)5!

34) 5141 35) 81P(9,5) 36) 7P(8,5)



Review-Exam II

1. Prove by induction that

1 2 3 n (n+2) :
a) ~2~+~2~;-r§3~+ ..... +—2~;=2--T- for nel

b) 111 +2.2! 4.+ monl=(n+1)=1 for neP
C) (1+x)' 21+nx forrne P x areal number, x > ~1

2. How many 4 digit numbers can be formed using the digits 2,3,5,6,8,9
a) if repetitions are allowed

b) if no repetitions are allowed

¢) if those in (b) are even numbers

d) if those in (b) are greater than 4000

e} if those in (b) are divisible by 5

3. Consider the set S = {a, e,1, b, ¢, d, f, g, h, m, n, p}

How many 5 letter words containing 2 different vowels and 3 different
consonants? '

a) can be formed?

b) contain the letter "b"?

¢) begin with "a"?

4. A committee of k people is to be chosen from a set of 9 women and 3
men. How many ways to form the committee if the committee has

a) 6 people, 3 women and 3 men

b) any number of people, but equal numbers of men and women

¢) 6 people and at least 3 are women

d) 6 people including Mr. A (one of the men)

e) 6 people but Mr. & Mrs. A cannot both be on the committee

5. Use the binomial theorem to prove
21t

[C(1,0)+ .o+ C(r, I = (i Cln, k) =D C2n,k)

6. Use a factorial argument to prove Ctn+2, r) = C(n+1,r}+Cn+1, #-1)

7. Find the coefficient of x’y' in (3x° —4y?)®



8. Use mathematical induction to prove that the values of the explicit
function g(n)=5-2"+1 are the same as the function defined recursively
by () =6, g} =11, gn)=3gn-1)-2g(n-2) forn=?2.

9. Construct a truth table for (pv ¢) - (—pv —r)

Translate into symbolic language using p, q, r and determine the validity
of the following arguments.

10. If T study, then I will not fail mathematics. If I do not play basketball,
then I will study. But I failed mathematics. Therefore, I played
basketball.

11. There are 38 different time periods during which classes at a
university can be scheduled. If there are 677 classes, how many different
rooms will be needed?

12.
a) Write the negation of "No one has lost more than $1000 playing the
lottery". |

b) Write the negation of "Some student has solved all the exercises”.

¢) Write the negation of: Vxdy(P(x) A Q(y)) (Use De Morgans)



Solutions for Review Exam II

1 3 1
n:]_ —:2—-_:_
L-9) 2 7272
1 k (k+2)
:k’ e ___=2..._
Assume 7 2-|- +2k o
1 ko k+1 (k+2) k+1
5"“ ...... +'é""(:"'|" 2’( :2-——-2-;-—..;._2..‘,:3.
:2+—2(k+%31+k+1
2
(k+3)
32_ 2.’f+]
byn=1 1-11=2-~1=1
Assume = g P et ke k= (4 1)1

VU e+ e e (B D+ DY = (ko D=1+ (4 Dk + 1)
= (k+ DI+ (k+ 1) ~1
= (k+ DIk +2)~1
= (k+2)1-1

n=1  (+x) 21+x
Assume p=f; (1+x)* 21+ kx

A+ =@+ Q+0) 2+ )0 +x) =1+ kx + kx” 1 x
=+ k+Dx+hk® =, 1+(k+1)x

since hx’20

_ 6!
29 6 b P(6,4)~._—..5i.=360 0 3.p(5,3):3._§_"

A 4.5
d) -P(5,3)—-5~,—- e) 1-P(5,3)

3. a) C(3,2)C(9,3)-5! b) C(3,2)C(8,2)-5! ¢) C(2,1)C(9,3)-4!



4. a) C(9,3)C(5,3)

| b) CODCE,D) +C(9,2)C(5,2) +C(9,3)C(5,3) + C(9,4)C(5,4) + C(9,5)C(5,5)

¢) C(9,3)C(5,3)+ C(9,4)C(5,2) + C(9,5C(5,1) + C(9,6)

d) C(13,5)
e) C(12,5)+C(12,5) + C(12,6) = C(14,6)— C(12,4)
[V S W e e
Mr. A on Mrs. A on both off both
Mrs. A off Mr. A off Mr. & Mrs. A on

5 (1+1)" = iC(n,k) (1+1)* = iC(zn,k)

by plugging into binomial theorem x =y =1 (and 2n = # in second case)

B t, n 2 -
) A+D*=[(1+ 1)"]2=(ZC(n,k)J ={C(n,0) +....... + C(n,n))*
6. »
(n+2)  (n+])! N (n+D! D+ 2-r)+(n+ Dy
Pln+2=m) rl(n+1-r) (rml)!(n—i-Zmr)!mL P +2—r)!

hd
least common denominator

Bl +2)  (n+2)
ol n+2-7) Pl(n2-r)]

7. C(8,3)-3*(~4)

8. Basiscases n=0,1 g0, =6  2(0),,=52"+1=6
g(l),.. =11 8D, =5.2"+1=11
Assume g(i),,. = g(),, =5-2"+1 for i=0,1,2....k

glk+D),,, =3g(k),, —2gk=1),, = 3g(k),, —2gk=~1),,
S

by assumption
=3(5-2 +1D)=2(5- 2" +1)=15-2F +3-5.2F -2
=10-2" +1=5-2"" 4 1=g(k +1)

exp



9.

plg|r | (pveg)—>(—pv-r)
T{T|T F
T|(T|F T
T(F|T F
T|F|F T
E(T|T T
FIT|F T
E|F|T T
FIF|F T
11[2221:18

38
12.

10.
plg|r | (p—=>—-g)A(=rop)rngl-—>r
TIT|T T
T|T|F T
TIF|T T
T|F|F T
FIT|T T
FIT|F T
FIF|T T
FI|F|F T

Therefore, argument is valid.

a) Someone has lost more than $1000 playing the lottery.,

b) All students have not solved all the exercises.

¢} IxVy(—P(x)v —0Q(y)) |




Graph Theory Supplement Problems
1. How many vertices will the following graphs have if they contain (may be
pseudographs)
a) 16 edges and all vestices of degree 2
b) 21 edges, 3 vertices of degree 4 and the other vertices of degree 3

¢) 24 edges and all vertices of the same degree

2. determine if the graph exists. If so, draw a representation.
a) 6 vertices each of degree 3
b) 5 vertices each of degree 3
¢) 4 vertices each of degree 1
d) 6 vertices, 4 edges
¢) 4 edges; 4 vertices having degrees 1,2,3,4

£y 4 vertices having degrees 1,2,3,4

3. Given the following digraph

"d? A e
e
a} Compute the adjacency matrix A ! 'Wf«""‘" '
-
b) Compute the adjacency matrix A® H e

(=
[om I

0
4. Compute a digraph corresponding to the adjacency matrix A =11
' 1

Compute A®



1.

Solutions
a) 2n =2(16)=n =16
b) 3(4)+£(3)=2(21)=> k=10  k+3=13 (total)
¢) n=#vertices k=degree of vertex  nxk=24(2)=48
Different possibilities
n=1 k=48, n=2 k=24, n=3 k=16, n=4 k&l?

neb k=8§; n=8 k=6 n=12 k=4; n=16 k="
n=24 k=2; n=d48 kel

b) No graph: odd number of odd degree vertice

6) hrioms A d) J [‘ ‘] &) No graph 4(2) =8
7 1+2+3+4=10

[ N
)

-y

b

[
<= B
-
[ S vy

5. There arc 3 paths of length 3 from v, to v,

6.

3 1 -4
13 3 1
8§ 2 1



5. :Fﬁr‘«:a;gl‘*%i’;’ﬁ}if’fﬁﬂ’af,i.ilaccgl<?3f' mattix A% 15 as

follows What does <3 m“ih&:‘(i"@) |

" position mean?



Solutions — even numbered problems

PG4T 4. Multigraph 6. Multigraph 8, Directed multigraph

P66S 2. V|=5, |E|=13; deg(a) = 6, deg(b) =6, deg(c) =6, deg(d) =5, deg(e) =3, no
isolated or pendant points

8. [V]=4, |E|=8, deg'(a) =2, deg (b

= =3, deg'(c) =2, deg™(d) =1, deg*(a)=2,
deg*(b)=4, deg*(c) =1, deg*(d) =1.

P674 . 8.
01010 0101 0
10011 101 1 1

A={0 0 0 1 1 0110 0
11100 10001
01100 0010 1

14, 20,

030 1 11 1 1
301 0 01 0 1
010 3 1010
1030 1111

€75
p } 35. Isomorphic u, —v,, u, —=v,,u, —>vgu, —v,,iu, —>v,
{m,u,} — {viv, },{uz,us} — {va,vs},{u3,ai4} —{v.v,}
uw“s} - {Vz’va;}’{“s’“l} I {V4’V1
or show adjacency matrices same, reordering vertices in second graph.

36. Not isomorphic. The second graph has a vertex of degree 4, whereas the first
graph does not.

37. Isomorphic 4, = v, u, = vy,u, = vo,u, = v —> v, 4, — Vs ly =V,
{w,m} = {v,v;} ete. show image of every edge is an edge, or show
adjacency matrices same.

41. Not isomorphic. In the first graph the vertices of degree 3 are adjacent to a
common vertex, This is not the case in the second graph.

42. Not isomorphic. Vertices of degree 4 are adjacent in first graph. Not so in
second graph.



»LT5
61. Isomorphic u, — vy, U, —> Vv Uy => V1, >V,
(510} = (vasvs Wt 10) = (Vv ) (1) = (Va¥2)
(st} = (203 ) (w3018,) = (Vo ) (s20,) = (vo7:)
(4,11, } = (v,,v,} or show adjacency matrices same

62. Not isomorphic
deg(1,) =0, deg*(x,} =2. Under isomorphism,
u, —> v, {only vertex with same in out degree structure).
Bui u, is adjacent to two vertices with indegree 1. And v, is adjacent to
two vertices, one with indegree 1, and another of indegree 2.

63. Isomorphic i, > vy, —> V| i, —> V0l —> Y,
(,18,) > (Vs*v4)’(“2’“t) - (Vl’vs)’(u?.’”s) - (Vv"ct)
(ty1t) = (va v (s 15) = (V0 (1) = (v3v,)
or show adjacency matrices are the same,
P03 2. ad g hi fcbefhedba (circui)
J
d. fabeceadbf edc
6. becde fdgidahiabic

14. Has Euler path (has exactly 2 odd vertices)

p745 6. prrE—

p732 4. 2 6. 3 8 3

5789 10.db fegac

24, a) 32 b) 40 €) 32



Review Exam [11

A graph with 21 edges has 7 vertices of degree 1, 3 of degree 2, 7 of degrée 3 and the
rest of degree 4. How many vertices in graph?

Can the following degree structure occur in a simple graph? If so, draw a
representation. If not, explain,
a) 1 vertex degree 0, 1vertex degteel, 3 vertices degree 3, 1 vertex degree 4
b) 2 vertices degree 2, 2 vertices degree 3, 1 vertex degree 4

A tree has 3 vertices degree2, 2 vertices degree 3, and lvertex degree 4. If the remaining
vertices have degree 1, how many vertices in the tree?

Prove that the sum of degrees of the vertices in the tree with n vertices is 2n~2

Are the following graphs isomorphic? Prove or disprove,

For the following digraph, determine the adjacency matrix

A and A%




7. Give a representation of the following digraph given its
adjacency matrix:

—_0 o @
— e T e
fooe T von S ave B e
O e e D

Is the digraph strongly connected, weakly connected or not connected?

8. Find the number of paths of length 2 between vertex 3 and vertex 4 using matrices:

t

=S

9. Answer patis a, b, ¢ for the following 3 graphs

a) Decide if each graph has an Euler path. If so, indicate the path. If not explain.
b) Draw a planar representation of each graph, if possible
¢) Determine the chromatic number of each graph

10. a) Represent the following logical expression as a tree and rewrite in polish prefix
notation:

(-a(p vq))v (—-p v{gn r))

b) Represent the following postfix notation as a tree and write in standard notation.
pgrv7Tagrva

11.  Find three subgraphs that are trees using all the vertices.




12.  Show the sequential orders in which the vertices of the tree are visited in

a) Preorder traversal

b) Inorder traversal

¢) Postorder Traversal /\ J @
h #

Solution

1. 42 =7(1)+ 3(2)+ 7(3) + n{4) where r = number of vertices degree 4
2 vertices degree 4, 19 vertices in graph

b)

3. 3(2)+2(3)+ H4)+ n(l) =2 ([V]~1)=2((6+ n)~1)=10+2n
where » = number of vertices of degree 1, n =6, 12 vertices in graph

4, Y deg(v,) = 2E)=2(|V|~1) = 2(n =1) =27 -1
k=1

5.  a) Isomorphic b) Non isomorphic
2K,)'s in I, noK, inll
a—>¢ {a,c} —{c".d}

b—=g  {cg—{d.e}

c—d etc.

d—d check all 9 edges
e~=b'

f=f

g—=e
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hidjkebfgcea



Boolean Algebras
1. Show that any Boolean algebra, for all ¢,bE B
aAlf asb=qthen a+b=b
bIf a+b=bthen G+b=1
¢)If d+b=1then a*d =0
D a*b=0then a*b=a
2. Find the sum of products form for each of the following Boolean functions and
use-a Karnaugh map to find an equivalent minimal sum of products form,
a) flx,y.z)=xy+(x+y)z+y
by flx,y.2)=(x+y+Z) F+y+7)

¢} F(x,2.W) = YW + XTW + XyZw + xF 2w

Solutions to even numbered problems'

P27

e
6) a) f(xs y,z,) = XyZ + XyZ
f(x,y,z,) = yZ




b) foy,2)=XyZ+F T+ XyZ+ X 32 _

f(x,y,z,) =Z

Zz=3> o>z

Fxyz)=7+x7+3%y

12. a) Xz
b) y

C) XT+yz+ X2
or
XT+ XY+ X2

d) yz+ X 7+ xy
or
XZ+Xy+9yz



Solution Supplement Problems

a) a+b=ab+b (Assumption)= a*b+1°b (Identity)= (a+1)*b (distributive)
=1%b(theorem a+1=1) = b(identity)

b) @+b=G+(a+b) (Assumption) = (i +a)+b (Associative)
1+ b{complement) =1 (theorem a+1=1)

¢y aeh = (a b ) *1 = (Identity) = (a °b )("a“. +b) (Assumption)
=(a*d)*b+a° (5 ° b) (Distributive, Commutative, Associative)
=0*b+asl (complement)
=0+0 (theorem a*0=0)
=0 (Identity)

dj ash=asb+0 (Mdentity)=a*b+a*b (Assumption)
- a(b + I;) (Distributive) = a{l) (complement Y= a (Identity)

a) f{x32)=xV 7+ Xyz+ XYZ+ XY + xyz )
»&arwbﬁw. G4

primd ed gt wiir iy

f(x,)’,Z) = }H'xf

7+ Xyz + Xyz + Xy7 + xyZ

G2 4%

R : AT

c) f(.x,y,z,w)=.xy2W Xy T W+ XyEw + XyTw + XY Iw
M i gk 3 |

w N S Flxy.2. W) = 57 + yzw
L0 S S
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12.  Show the sequential orders in which the vertices of the tree are visiteg in

a) Preorder traversa
b) Inc;rder fraversal

¢} Postorder Traversal ,/\ J
L

Solution

1. 42=7(1)+ 32)+ 703)+ n(4) where n = number of vertices degree 4
2 vertices degree 4, 19 vertices in graph '

b)

3 3@+ 20) +1(@)+ n() =2 (- 1)=2(+ n)~1)=10+2n
where # = number of vertices of degree L, n=6, 12 vertices in graph

4, ideg(v&) =2lE|= 2(¥|- D=2(n- 1):: 2n-1

5. a) Isomorphic b) Nen isomorphic
2Ky's in],nok; in1I
a—- ¢’ {a,c}— {c\d} -
bog gl {ae}
c-d efe,
d-—a" check all 9 edges
e’
f=7

g—eé



6. a). (01 0 by {0 0 1
0 01 111
do1 1 12 2

__ 7\ “K/ T weakly connected  (Path from? to 2 but none from 2 to 3)

8.
000 1 1 22100
00 1 11 231 0 1
A4=[0 1 0 0 1 A=l1 1 2 ()1
111 000 001 2 2
11100 011 2 3 |
‘ There is one path between’
3 and 4 of length2
9. i) None iycdefabceadbf iil) bede fgabdfbg d
Too many odd degree
Vertices
- i) Non planar
&,s)
i) 2 i) 3 i) 4
10. a)

VIV pgvTpagr




b)

_ (on Kgve)a(gv r)

C1L

I l ' (there are many
others) .

12, abdhiejkcfg
hdibjekafecg
hia‘jkebfgca



